We demonstrate via three examples that topological insulators (TI) offer a new platform for plasmonics. First, we show that the collective excitations of a thin slab of a TI display spin-charge separation. This gives rise to purely charge-like optical and purely spin-like acoustic plasmons, respectively. Second, we argue that the depletion layer mixes Dirac and Schrödinger electrons which can lead to novel features such as high modulation depths and interband plasmons. The analysis is based on an extension of the usual formula for optical plasmons that depends on the slab width and on the dielectric constant of the TI. Third, we discuss the coupling of the TI surface phonons to the plasmons and find strong hybridisation especially for samples with large slab widths. 1 arXiv:1706.09403v2 [cond-mat.mes-hall]
Introduction
Three-dimensional topological insulator (TI) like Bi 2 Se 3 or Bi 2 Te 3 present a new class of plasmonic materials that have the potential to add new aspects to the already wellestablished systems including noble metals or two-dimensional materials.
1,2 These properties can be linked to the atomistic structure of the TIs that are built up from hexagonal unit cells containing 5 two-dimensional sheets. [3] [4] [5] Further, they display protected surface states due to the strong spin-orbit coupling which will give rise to spin-charge separation of collective excitations.
6
One of the main differences between Dirac carriers at the surface of a TI and Dirac carrier in graphene is that in the case of graphene momentum and pseudo-spin are correlated giving rise to phenomenons such as Klein tunneling. But in the case of TIs, it is momentum and real spin which are locked. 7, 8 This difference will give rise to interesting new phenomena not found in graphene-based systems as first pointed out by Zhang and co-workers. 9 They discussed the collective modes of this "helical metal" focusing on the curious fact that density fluctuations induce transverse spin fluctuations and vice versa.
A transverse spin wave can be generated by a transient spin grating consisting of two orthogonally polarized non collinear incident beams. 9 To detect the induced charge density wave, one measures e.g. the spatial modulation of reflectivity. These spin-plasmons were also discussed in terms of the plasmon wave function. 10, 11 In this article, we will review recent results on plasmonic excitations in topological insulators and show that there are small, but far-reaching differences. We also include a discussion on the influence of the TI phonon modes on the plasmon dispersion.
Surface plasmons (or plasmon-polaritons) are collective charge oscillations which are usually confined to the surface of a three-dimensional (3D) metallic material which has an interface with an insulator, typically air. Their maximal energyhω p is related to the bulk plasmons of energy ω and given by ω p = ω 3D p / √ 2 with particle density n and electron mass m. 12 In the case of topological insulators, we encounter a slightly different situation, i.e., there is a 2D metallic surface consisting of the topologically protected surface states (TSS) and/or a 2D depletion layer surrounded by two insulators: one is given by the topological bulk insulator and the other one is usually air. The plasmonic dispersion is thus characterised by the typical square-root behavior of 2D metals:
where D is the Drude weight or charge stiffness and the effective dielectric function.
Further, 0 is the vacuum permittivity and q the two-dimensional wave number.
The plasmonic dispersion for small q is thus characterised by the Drude weight D and the dielectric medium . For a 2D electron gas (2DEG), we have D 2DEG = e 2 n/m. For . The effective dielectric function is often given by = ( T + B )/2, with the top dielectric layer usually assumed to be vacuum ( T = 1) and the bottom dielectric layer B > 1.
There have been a number of experimental works which investigated the optical response and plasmonic resonances of bulk topological insulators [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and new theoretical phenomena were predicted. [27] [28] [29] [30] Also, plasmons in topological nano particles have been dealt with. 31, 32 Here, we will focus on two aspects which we have discussed previously in Ref. 6, 13 They are related to a thin slab of a topological insulator and involve the top and bottom surface that are separated by a strong dielectric defined by the width of the TI. These structures can be ideally modelled as a double layer of Dirac electrons and we showed that there is spin-charge separation of the collective excitation in the case of equal electronic density of the upper and lower layer. We also pointed out that the plasmonic modes usually depend on the sample thickness and on the dielectric constant of the bulk -only for very small wave numbers, the universal Dirac dispersion is recovered. In order to explain recent experiments, we proposed to also consider the influence of the depletion layer underneath the two Dirac systems which is Schrödinger-like.
The review is organized as follows. First, we introduce the macroscopic as well as microscopic description of a thin slab of topological insulators. We then present analytical results exemplifying the spin-charge separation of the in-phase and out-of-phase mode. We also calculate the plasmon dispersion numerically and analyze the spin-charge separation for general wave numbers including a discussion for possible experimental set-ups to detect them. In Sec. V, we critically compare our results with experiment and in Sec. VI we finally consider the influence of the TI's phononic mode on the plasmonic resonances. The appendix gives a general derivation of the optical f-sum rule needed for the experimental analysis of the plasmons.
Response of topological insulators

Macroscopic description
The electromagnetic response of typical topological insulators such as Bi 2 Se 3 , Bi 2 Te 3 and Sb 2 Te 3 in the far and mid-IR can be well described by an isotropic Drude-Lorentz model,
Above, we assumed N effective oscillators with ω p,j being related to the oscillator strength or Drude weight of the j-th mode and ω 0,j being the resonance frequency with damping term γ j . Finally, ∞ denotes the high-frequency dielectric constant which could also be modelled as one of the effective oscillators.
In the case of Bi 2 Se 3 , there are two maxima at 1.85 THz and 4.0 THz corresponding to the α and β bulk phonon-modes, respectively. In Fig. 1 , we show the real and imaginary part of the dielectric function as black and red curves, respectively. The solid (dashed) curves correspond to (un)patterned samples at T = 6K (T = 300K) and the parameters were taken from Ref. 15 Models only including the α-phonon also yield good fits to the experimental data. 14 In the last section, we will use this model in order to also discuss the coupling of the surface phonons to the plasmons. Within the random-phase approximation, the relation to the conductivity is given by
The two-dimensional conductivity of the surface states is now obtained by superimposing to the model of Eq. (2) a Drude-like component which is associated to the contribution of the topologically protected surface states as well as possible 2DEG-Fermions due to a depletion layer.
14 Dividing the Drude-like component by the sample width and with the help of the f-sum rule, the corresponding electronic density as well as the effective mass is obtained. For details on the f-sum rule, see the appendix.
Microscopic description
For a microscopic description, we model the topological insulator by two 2D Dirac systems separated by a dielectric spacer. The Hamiltonian of the top (T) and bottom (B) is given by
Important for the following is the different sign of the Fermi velocity v F between the top and the bottom Hamiltonians discussed in Refs.
33,34
Charge response function
The charge response shall be modelled by a 4x4 matrix consisting of the response of the top and the bottom surface:
The response functions χ T /B 0 are themselves matrices representing the charge and transverse spin degree of freedom. In topological insulators, the response of the charge density, ρ, and the response of the transverse spin density, S ⊥ are related and we can write
where x = 
Random-phase approximation and plasmons
To discuss plasmons, we apply the random-phase approximation (RPA) and only the charge sectors of the opposite surfaces will be coupled. The system thus decouples into charge and transverse spin sector, but in order to make the spin-charge separation more explicit, we will keep the full 4x4 tensorial structure. The susceptibility in RPA then reads
where
Above, we defined v T /B (q) and v T B (q) as the intra-and interlayer Coulomb interaction of the top and bottom, respectively.
In the following, we will focus on the general case with different dielectric media on the top ( T ), center ( T I ) and bottom ( B ). The expressions for the intra-and interlayer To discuss the hybridisation of the plasmonic modes of the two layers, we need to calculate the zeros of det(1 − v(q)χ 0 ),
In the following, we will solve Eq. (7) analytically as well as numerically.
Acoustic and optical modes
The electrostatic interaction will couple the top and the bottom plasmonic excitations to form bonding and anti-bonding modes. These modes can be discussed analytically, using the long-wavelength (q → 0) or local approximation of the charge response
valid for ω v F q and µ T /B > ∼h ω. For the small parameter qd 1, we obtain analytical expressions for the optical (in-phase, "+") and acoustic (out-of-phase, "-") mode
Above, we defined the fine-structure of a general Dirac system α d = e 2 4πε 0h v F and introduced the sound velocity, v s , in case of the acoustic (out-of-phase) mode. 1 The general formulas including retardation effects are given in Refs.
13,40
General formula for acoustic mode
The expression for the out-of-phase mode, Eq. (13), has limitations and can only be and the square root singularity of χ ρρ at ω = v F q then guarantees that v s > v F . 40 For a system with equal density at the top and at the bottom, k
For the general case, see Ref.
37
There are regimes where the sound velocity is well inside the Pauli-blocked (protected) region. This mode can then be excited by a dipole close to the slab since it will predominately couple to large momenta.
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General formula for optical mode
Also the analytical formula for the optical mode, Eq. (12), cannot be applied without the necessary caution. Its applicability depends on the relative value of T , B with respect to T I : only if they are of the same order of magnitude, it holds. The general formula valid for qd 1 is given by
For a 3D topological insulator with T I
T , B and in the case of equal densities k
In this case, Eq. (12) is only valid for qd T I /( T + B ) 1. Let us again emphasise that
Eqs. (15) and (17) are the formulas that must be used when discussing the plasmonic excitations of general topological insulators since T I 1 for general frequencies.
The above dependence of the plasmonic mode on the slab-width d and on the relative ratio T I /( T + B ) was recently obtained for a thin slab using the Keldysh potential.
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This exemplifies the general nature of this formula and we expect it to be also present in other quasi-2D materials with large internal dielectric medium.
Charge and Spin separation
Plasmonic excitations in topological insulators are similar to the ones in double layer graphene because the relevant charge response is identical except from the degeneracy factor g s g v = 4 consisting of the spin and valley degeneracy, only present in graphene.
But there is another interesting signature only present in the helical metal which is related the spin-momentum locking.
The key insight is that the Dirac cone on one TI surface is not an identical copy of the Dirac cone on the other surface because the sign of the Fermi velocity must be opposite for the two Dirac cones. 34 This can be seen by mapping the two-dimensional slab onto the topologically equivalent finite sphere. 33 This mapping locks the orientation of the Pauli-spin matrices to be perpendicular with respect to the local surface and when an electron moves in a closed loop on the surface of an isotropic spherical topological insulator, the wave function acquires a Berry phase which is equal to the magnetic flux enclosed by an effective magnetic monopole of strength 1/2 located in the center of the sphere. Therefore, the rotation of the Pauli matrices induces a change of sign in the Dirac
Hamiltonian when the path encloses a solid angle 2π, i.e., going from the top (north pole)
to the bottom (south pole) surface.
The spin locked to the charge momentum is therefore polarized in contrary directions on the two sides. This has the consequence that the optical (in-phase) and acoustic (out-ofphase) oscillations can be purely charge-and spin-like, respectively, see Fig. 2 . The optical plasmon excitations detected using infrared spectroscopy 15 have thus a purely charge-like character without the spin-component. This might be the reason why the transverse spin component of the plasmons predicted for single layer 9 has not been detected yet.
Analytical results
Let us discuss the spin-charge separation analytically. For plasmons, which are selfsustained excitation, the external potential is set to zero and the induced potential,
The collectives modes are given by the zeros of det(1 − v(q)χ 0 ) and the induced potential is thus obtained from
From this, we obtain V ind for the bonding (+) and anti-bonding (-) modes: From the induced potentials, we calculate the charge and spin densities via ρ = χ 0 (q, ω)V ind .
For the optical mode, ω + , this yields in the limit q → 0
For the acoustic mode, ω − , one obtains
Usually, the exciting light has a wavelength λ which is larger than the slab thickness We finally note that the optical mode looses its pure charge character if different charge densities µ T = µ B are present. Still, for the acoustic mode, the pure spin character is preserved.
Numerical results
To see if spin-charge separation is stable at larger wave numbers, we will solve the modes defined by Eq. (10) and Eq. (7) numerically. We choose parameters corresponding to v F = 6 × 10 5 m/s and n T /B = 1.5 × 10 13 cm −2 . 15, 44 We also set B = 10, T = 1 and T I = 100 as done in Ref.
, 37 even though a smaller value T I = 30 could also be used.
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In Fig. 3 , we show the optical (black) and acoustic (red) plasmonic mode for two In Fig. 4 , we discuss the validity of the spin-charge separation beyond the long- For equal top and bottom densities ζ = 0 and same top and bottom dielectric constants T = B , there is perfect spin-charge separation independent of the wave number.
Suspended or encapsulated TI-samples should thus display perfect decoupling of the two modes.
Spin-charge separation in nanoribbons
We now consider the electronic motion confined by a quasi-one dimensional nanowire and assume that the local approximation of the response function is well justified due to the large enough ribbon width d. Thus, only the Coulomb interaction must be modified and the longitudinal propagator will give rise to plasmons which disperse as q − ln(q d).
13,45
The optical mode is then obtained as
Considering the logarithmic correction only as an additional factor, not only the acoustic,
but also the optical mode shows a linear dispersion.
Spin-charge separation and collective excitations with linear dispersion are the characteristics of the Tomonaga-Luttinger phenomenology for one-dimensional electron systems.
Choosing the width and the length of the ribbon as a ≈ 100nm and L ≈ 10µm, we obtain v c ≈ 10v F in the long-wavelength limit. For the sound (spin) velocity we set v s ≈ v F , valid for small TI slab widths.This would correspond to one-dimensional interacting electrons with Luttinger liquid parameter K ≈ 0.1. By varying the ribbon width to a ≈ 10nm, one can reach K ≈ 0.2, thus being able to tune the effective interaction.
A helical Luttinger liquid in topological insulator nanowires was recently discussed in Ref. 46 and offers a microscopic theory for the observed spectrum. Including Rashba spin-orbit coupling in the microscopic model leads to a hybridisation of spin-and chargelike excitations. 47 This is similar to what is predicted in the case of unbalanced charge densities of the thin slab that can be induced by an electric field similarly to the emergence of the Rashba spin-orbit coupling.
Possible experimental observation
In Ref.
, 22 it was demonstrated that Cu 0.02 Bi 2 Se 3 can be described by a single TSS component without the mixture of a 2DEG depletion layer or free bulk charges. Purely spinand charge-like collective oscillations should thus be observable in a thin slab of this topological insulators.
Let us discuss possible experimental consequences. In Ref.
, 9 it was proposed to generate a transverse spin wave by a transient spin grating consisting of two orthogonally polarized non collinear incident beams. This would work for a very thick TIs, but making the sampler width thiner, spin-charge separation will lead to a purely spinless collective optical mode and the proposed coupling mechanism would not be active, anymore.
The consequences for the acoustic mode might be more interesting. On the right hand side of Fig. 3 , it is shown that this mode is well separated from the particle-hole continuum for wider slabs and should hence be observable, see also Ref. 42 for a discussion.
Further, it could be effectively excited by neutrons or neutral atoms/molecules that carry a spin, such as H 2 .
Influence of depletion layer
Let us now investigate the influence of the depletion layer on the plasmonic excitations of a TI. This will be done by comparing the predictions of our theory with the experimental data. We will first comment on the terahertz response of patterned as well as of unpatterned samples. We will then briefly discuss other experiments involving magnetic fields as well as time-dependent spectroscopy.
Terahertz response of patterned samples
Due to their large momentum, longitudinal plasmons cannot interact with propagating electromagnetic radiation. In order to overcome the momentum mismatch, the sample is patterned with a periodic sub wavelength structure. This has been done for graphene showing plasmon resonances with remarkably large oscillator strengths at room temperature.
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A patterned superlattice can also be used to measure plasmonic resonances of topological insulators. [15] [16] [17] [18] [19] 23 Usually, Eq. (12) can be used to describe the plasmonic dispersion which is valid in the long-wavelength limit independent of the dielectric constant of the 
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We are now in the position to plot the optical mode of Eq. (17) Eq. (12) is shown as dashed line and the good agreement with the experimental data is still missing an explanation. In the following, we will discuss two possible extensions to the above model in order to explain the experiments. The first extension will include the effect of a 2D depletion layer maintaining the model with constant dielectric media.
As second extension, we will use a frequency dependent dielectric function as discussed in Sec. 1.
Including 2D depletion layer
From the above discussion we see that the spectral weight coming from the Dirac electrons is not enough to describe the experimental data for large q. But there is also a two-dimensional spin-degenerate electron gas (2DEG) that can add additional spectral weight. 52 Indeed, two channels, both conducting, were found, one corresponding to the topologically protected Dirac electrons and the other to the 2DEG that appears due to band bending effects.
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Including the depletion layer would also increase the dimension of the considered response matrix by a factor of two. However, these additional modes do not change our theory as outlined in Ref. 6 In what follows, we will thus not consider particle exchange between the Dirac carriers and depletion layer and also the emerging charge-less acoustic modes. The total charge response is then obtained as the sum of the response of the Dirac and Schrödinger electrons,
The charge response of a 2DEG was first derived in Ref. 53 but for our purposes, the local approximation is sufficient. We thus have
We have separate Fermi energies for Dirac and Schrödinger fermions and µ Dirac and µ 2DEG are measured with respect to the Dirac point and wirht respect to the bottom of the 2DEG band, respectively. We can thus use the initial formula of Eq. (17), but with a different chemical potential:
The extra factor 4 in front of µ 2DEG comes from comparing Eqs. (11) and (24) .
Using the sheet density, we have µ Dirac = 542meV, but using the slightly curved energy dispersion would give the slightly smaller value µ = 450meV. 44 In any case, with µ 2DEG = 60meV, 44 we obtain good agreement with the experimental for small wave numbers q < ∼ For larger momenta q > 10 4 cm −1 , the results are blue shifted, but the dipole-dipole interaction between the patterned nano wires should add an additional red-shift, at least for samples with small periodicities; 54,55 this shift can be as large as 20% for small periodicities of 2µm with equal spacing. 56 Considering the frequency dependence of the substrate dielectric function B could lead to effectively smaller values B (ω) < 10.
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Let us finally note that the inclusion of a Drude term that corresponds to free bulk electrons (and not to the topological protected surface states) will lead to a considerable increase of the spectral weight. This term was analysed in Ref. 58 using Eq. (17).
Terahertz response in unpatterned samples
In Ref. 
only Dirac
Dirac + 2DEG 22 the same group confirmed the existence of an additional contribution to the Drude weight by magneto-THz measurements. 22 The obtain the spectral weight of the TSS which amounts to 90% of the total spectral weight. From the transport analysis of, 44 we obtain a percentage of 70%, as outlined in the previous section. By slightly changing the parameters, e.g., measuring the Fermi energy differently, we would obtain a percentage of around 80%, but still, a discrepancy between the two experiments/interpretations remains and we will try to resolve it in the following.
The analysis of Ref. 22 is based on the f-sum rule and one of the virtues of the f-sum rule is that it is also valid for interacting systems since it relies on charge conservation.
Integrating the optical conductivity over the whole spectral range is then related to the Drude weight which is independent of the interaction in a Galilean invariant system, see
Eq. (34) of the appendix. Nevertheless, this is not the case for Dirac systems anymore, and electron-electron interactions modify the Drude weight in a non-trivial way. Moreover, the Drude weight of the interacting system is larger than the Drude weight of the noninteracting system.
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The experimental result of 90% spectral weight of the TSS thus includes possible interaction effects. Neglecting those, as done by our theory above, would lower the result to become closer to the 70%-80%, first obtained in Ref. 6 Obviously, the screening effect of the TI-substrate is large and will suppress interaction effects. On the other hand, there is only one electronic flavor which will decrease the intrinsic screening compared to graphene by a factor of four. To summarize, the spectral weight of Bi 2 Se 3 should be predominately composed of Dirac Fermions emerging from the TSS and ranging between 80%-90%.
Further experiments
62,63
Plasmon-phonon coupling Due to the damping terms of the phonon modes, the dielectric constant becomes complex and the plasmonic excitations turn into resonances. The calculation of the energy loss function would thus be appropriate. 40 Still, we can maintain the above discussion of the plasmonic dispersion by solving only the real part of Eq. (10). This will yield multiple plasmonic branches, but only the ones corresponding to the smallest imaginary part would carry most of the spectral weight. These shall be discussed in the following.
In Fig. 6 , we show the resulting plasmonic dispersion of the optical mode for two different slab widths d = 60nm and d = 120nm (red) with (right panel) and without (left panel) the contribution of the 2DEG. There are discontinuities at the two phonon frequencies which are related to the hybridisation between the plasmon and the phonon modes. These hybridisations were also observed in a similar context in Ref. 65 or for graphene on a SiO 2 -substrate. 49 Moreover, the plasmon frequency of the wider slab is usually above the one with of the narrower slab width. This is because for frequencies above the phonon frequency ω > ω α phon =1.85THz, the real part of the dielectric function becomes negative.
As noted above, the dipole-dipole interaction between the patterned nano wires should lead to an additional red-shift compared to the analytic curves for samples with small periodicities. 54, 55 This shift grows for increasing wave number q and can become as large as 10% for small periodicities of 2µm with equal spacing. 56 The resulting curves are shown as dashed lines on the right hand side of Fig. 6 . The comparison to the experimental data would thus suggest the existence of the 2DEG to account for the additional spectral weight.
Let us finally discuss the plasmonic spectrum in terms of the electron energy loss function defined as
where χ jj = ω 2 q 2 χ ρρ is the effective 2 × 2 current-current response function. 40 On the left hand side of Fig. 7 , we display the density plot of the loss function for the slab width mode is clearly seen and should also be experimentally observable (see below). Also the acoustic mode carries some spectral weight that is detectable.
On the right hand side of Fig. 7 , the loss function is shown for a wider slab with d = 600nm. Now, most of the spectral weight has been transferred to the quasi-localized phonon mode which is nevertheless strongly renormalized by the hybridization with the plasmon mode. Together with the acoustic mode, these are the two modes which carry considerable spectral weight. They are also considerably red-shifted compared to the case of a static dielectric medium, i.e., if we would have, e.g., simply used T I = 30.
The hybridization of phonon and plasmon modes has recently been observed displaying the same features of red-shifted energy and long life-time. 66 We expect the long life- (stars) and the solution for the zeros of the real part of the dielectric function with large spectral weight as discussed in Fig. 6 (solid lines) .
Conclusions
We have discussed plasmonic excitations in thin slabs of topological insulators. The electronic properties of the 2D-surface of a topological insulator is characterised by topologically protected surface states (TSS) and well approximated by Dirac fermions. The Drude weight is then given by D = e 2 v F h n 4π which defines the plasmon dispersions for low q. For larger q, there are deviations from this behaviour but which are not yet at experimental reach using micro-slabs.
We have also pointed out that the plasmonic excitations in a thin slabs of TIs display spin-charge separation, i.e., the in-phase modes are purely charge-like. This might be the reason why the associated spin-character of the collective modes -predicted for a single layer -have not been detected in thin slabs, so far (large slab width would induce additional noise from the bulk). The spin-charge separation of TI also suggests a relation to thin nano-wires that behave as helical Luttinger liquids.
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As another result, we found a novel thickness dependence of the plasmonic modes valid even in the regime of small wave numbers. In the special case of equal electronic densities at the two layers, the formula is also valid for general quasi-2D systems deduced by using the Keldych potential. 43 From that, we argued that in addition to the response of the Dirac carriers, also the two-dimensional electron gas (2DEG) of the depletion layer underneath the TI surface contributes to the spectral weight of the plasmonic resonances.
An interplay of surface and Dirac plasmons in topological insulators was observed by several experimental groups in the case of Bi 2 Se 3 .
19,21-23
Finally, we discussed the plasmonic excitations including the α and β phonons of the bulk TI. We observe a hybridisation of the surface phonon and plasmon modes and also a transfer of spectral weight to lower lying modes when the slab width is increased up to d = 600nm. There is also an increase of the life time of this hybrid mode induced by the long-lived phonon mode as observed in Ref. 66 and a strong tuneability.
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Appendix: Derivation of the f-sum rule
The f-sum rule can be deduced from the Kramers-Kronig relation for the paramagnetic current-current correlation function:
where P denotes the principle value. Above, we defined χ P = χ α,α with
and the paramagnetic current j α in direction α.
For ω = 0 and the relation of χ P to the electric conductivity, χ P (ω) = −iωσ P (ω), this reads P ∞ −∞ dω Re σ P (ω ) = πRe χ P (ω = 0) .
The full real part of the conductivity is usually decomposed into a regular part Re σ P reg as well as a contribution containing the delta function
Re σ P (ω) = πRe χ P (ω)δ(ω) + Re σ P reg (ω) .
The sum-rule then reads ∞ −∞ dωRe σ P (ω) = 0 .
The physical current also contains a diamagnetic contribution and for a tight-binding model this contribution is proportional to the kinetic energy. 67 This implies a constant diamagnetic response independent of ω with j dia (ω) = −χ dia A(ω) and χ dia > 0. The full conductivity thus reads
Re σ(ω) = Re σ P (ω) + πχ dia δ(ω)
and the corresponding sum rule
With the particle density n and electron mass m, χ dia = 
Note that the above expression is valid for any dimension of the underlying system.
For three-dimensional systems often the relation to the plasmon frequency ω 
